1. Introduction. Throughout this paper, g denotes an oriented differentiable surface of genus g > 1, and P g stands for the space of CP 1 -structures (projective connections or projective structures) on g . Here, a CP 1 -structure on a surface is a structure whose transition functions are elements of PSL(2, C) (cf. [G]). (Here PSL(2, C) is identified with the projective automorphism group of CP 1 , namely, the group of Möbius transformations.) As a Möbius transformation is holomorphic, each CP 1 -structure determines an underlying complex structure.
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2. Pleated surfaces and measured laminations for representations. First we recall the concept of the monodromy of a CP 1 -structure. Given a CP 1 -structure on g , we take its developing map: beginning with a local chart of the CP 1 -structure, we take its analytic continuation along curves. This gives a multivalued function, meromorphic with respect to the complex structure that underlies the CP 1 -structure. Its values over a point differ from each other by postcompositions of Möbius transformations that are determined by the closed curves along which the analytic continuations are carried out. This procedure yields a homomorphism π 1 g → PSL(2, C), which is determined up to conjugation by Möbius transformations depending on the local chart used to begin the analytic continuation. This homomorphism is called the monodromy of the CP 1 -structure or the monodromy representation of π 1 g . Now we quickly review the two parametrizations of P g mentioned in the introduction. First we recall the parametrization by the bundle of quadratic differentials π : Q g → T g . Given a CP 1 -structure, we take its developing map f . Then its Schwarzian derivative, defined by (f /f ) 2 −1/2(f /f ) , is a quadratic differential holomorphic with respect to the underlying complex structure. (For the geometric meanings of Schwarzian derivatives, see [Th2] .) Thus, we have a Riemann surface X ∈ T g and a holomorphic quadratic differential on X. Conversely, it is known (see [H] ) that given a Riemann surface X and a holomorphic quadratic differential q on X, there is a CP 1 -structure on X such that q is the Schwarzian derivative of the developing map. Note that for each point X ∈ T g , the space of CP 1 -structures on X is the fiber Q g (X) of π : Q g → T g over X, which is a complex (3g −3)-dimensional Banach space.
On the other hand, Thurston's parametrization theorem is as follows.
Theorem 2.1 (Thurston, unpublished) . The space of CP 1 -structures on g is parametrized by T g × ᏹᏸ: every CP 1 -structure is obtained by grafting a measured lamination to a hyperbolic surface.
For a full proof of this parametrization theorem, see Section 2 of [KT] , or, for a short description, see Section 2 of [Tg] . Thurston's idea is as follows. Given a hyperbolic surface X and a measured geodesic lamination λ, first, embed the universal cover H 2 of X into H 3 . Then lift λ to H 2 and bend H 2 along the lift of λ so that the bending measure is the measure of λ. This bent structure can be "pushed forward" to the sphere at infinity to determine a CP 1 -structure.
Note that the projection of T g × ᏹᏸ to its first coordinate T g is not the correspondence between CP 1 -structures and their underlying complex structures. Actually, the underlying complex structure of any CP 1 -structure represented by (X, µ) ∈ T g ×ᏹᏸ differs from X, whenever µ = 0.
Remark. In relation to this parametrization, Labourie [L] gave a new parametrization for P g . Now we define the pleated maps and the lengths of measured laminations for PSL(2, C)-representations of π 1 g . We begin with "pleated surfaces." They are defined in a way parallel to the definition for 3-manifolds.
Definition 2.2. Let φ : π 1 g → PSL(2, C) be a representation. A pleated mapping for φ is a continuous mapping f : H 2 → H 3 with the following properties:
(1) there exists a Fuchsian group acting on H 2 , isomorphic to π 1 g , such that
there is an open interval of a hyperbolic line containing z which is mapped by f to a straight line segment;
(3) f maps every geodesic segment in H 2 to a rectifiable arc in H 3 with the same length. This is the same as the usual definition of pleated surfaces when φ(π 1 g ) is discrete. We call the image of a pleated map a pleated surface. A typical example of a pleated surface is the "bent surface" defining a CP 1 -structure in Thurston's geometric parametrization theorem. It is a pleated map for the monodromy of the CP 1 -structure (see [EM] , [KT] , and [Tg] ).
Next we define the lengths of measured laminations for PSL(2, C)-representations of π 1 g . Definition 2.3. Let φ : π 1 g → PSL(2, C) be a nonelementary representation and f : H 2 → H 3 be a pleated map equivariant with respect to some Fuchsian group isomorphic to π 1 g acting on H 2 and φ(π 1 g ). The Fuchsian group determines a hyperbolic structure on g . Let l f (µ) be the total mass of the product of the transverse measure of µ and the length along the lines of the support of µ. The length l φ (µ) is the infimum of l f (µ), where the infimum is taken over all Fuchsian groups isomorphic to π 1 g and all pleated maps f .
Remark. As we see in Lemma 2.5, for any nonelementary PSL(2, C)-representation of g , there exists at least one pleated map as above.
As in Definition 2.2, when a nonelementary PSL(2, C)-representation of π 1 g is discrete, the above definition of the lengths of measured laminations coincides with the usual one. Also, given a homotopy class of an equivariant map, the uniqueness of the realization of a lamination in the homotopy class holds for the same reason as in the discrete case.
The length is a function of two variables: measured laminations and representations. We might expect continuity of the length function with respect to both variables. (In fact, for a simple closed curve, the length is continuous with respect to PSL(2, C)representations of π 1 g .) However, we do not need that strong property for our purpose. All we need is local boundedness (see Lemma 2.5).
Kapovich [Ka] has already briefly mentioned the concept of pleated maps and shown their existence for any nonelementary SL(2, C)-representation of π 1 g . We use these examples of pleated maps that he observed. For convenience, we give a somewhat detailed argument about them. The following decomposition is the key.
Theorem 2.4 [Ka] . For any nonelementary representation φ : π 1 g → PSL(2, C) there exists a pants decomposition g = P 1 ∪ · · · ∪ P 2g−2 such that (1) φ(π 1 (P i )) is nonelementary, and (2) φ(γ ) is loxodromic for each boundary curve γ of P i for i = 1, . . . , 2g − 2.
Lemma 2.5. The length function of measured laminations is locally bounded in the space of nonelementary PSL(2, C)-representations of π 1 g . Proof. Given a nonelementary representation φ : π 1 g → PSL(2, C) take a pants decomposition g = P 1 ∪ · · · ∪ P 2g−2 as in the above theorem. Decompose each of the pants into two ideal triangles by adding leaves spiraling around the boundaries.
Take a continuous equivariant map f : H 2 → H 3 (with respect to any Fuchsian group isomorpic to g and φ( g )) and homotope f so that f sends each leaf of the ideal triangulation onto a straight line, and then straighten the map in each ideal triangle. This is possible because, by Theorem 2.4, the restriction of φ to the fundamental group of each of the pants is isomorphic. Thus, we have a pleated surface with the geodesics defining the ideal triangulation as the pleating locus.
Thus, for each nonelementary PSL(2, C)-representation φ, the length of any measured lamination is finite. Here, note that when we take an ideal triangulation as above for φ, we can take topologically the same ideal triangulation for PSL(2, C)representations which are sufficiently close to φ. As the PSL(2, C)-representations change continuously near φ, we can take hyperbolic structures on g determined by the pleated maps with the fixed ideal triangulation so that they also change continuously. By the continuity of the lengths of measured laminations on surfaces, the lengths on the hyperbolic structures give a local upper bound of the lengths of measured laminations. It follows that the lengths for the representations are locally bounded.
Remark. Let mon : P g → Hom ne ( g , PSL(2, C))/PSL(2, C) be the monodromy map; that is, the map mon sends each CP 1 -structure to its monodromy representation. Here, Hom ne ( g , PSL(2, C))/PSL(2, C) stands for the space of nonelementary representations. In the Lemma 2.5 (in particular, for the monodromy representation of the CP 1 -structure given by (X, µ) in Thurston coordinate) the length l mon(X,µ) (µ) is bounded above by the length of µ on the pleated surface constructed as above. Because the pleating locus of the pleated map for mon(X, µ) is µ, the bent surface for mon(X, µ) with bending locus µ is more effective than the pleated map constructed in the lemma.
Remark.
Hejhal [H] showed that mon is a local diffeomorphism. Therefore, the image mon(P g ) is a region of Hom ne ( g , PSL(2, C))/PSL(2, C). Obviously, by The-orem 2.1, the lengths of measured laminations are locally bounded on the region mon(P g ). Recently, Gallo, Kapovich, and Marden [GKM] showed that every nonelementary SL(2, C)-representation of g is obtained as the monodromy of a CP 1structure. Therefore, if we had used that result and Theorem 2.1, the local boundedness on the entire space of CP 1 -structures would have followed immediately. However, we exhibited a direct proof rather than using their theorem.
3. Divergence of CP 1 -structures. First we recall a theorem by Kapovich.
Theorem 3.1 [Ka] . Fix a complex structure Y on g , and let Q g (Y ) denote the fiber over Y ∈ T g of π : Q g → T g . Then the restriction of the monodromy map mon |Q g (Y ) : Q g (Y ) → Hom ne ( g , PSL(2, C))/PSL(2, C) is proper. (Here, we identify the space of holomorphic quadratic differentials and the space of CP 1structures.)
Remark. Note that mon : P g → Hom ne ( g , PSL(2, C))/PSL(2, C) is not proper.
Our goal is to give a geometric proof for the following result.
Theorem 3.2. Let K be any compact subset of T g . Then mon |π −1 (K) : π −1 (K) → Hom ne ( g , PSL(2, C))/PSL(2, C) is proper.
The idea is as follows. The extremal length is the square order of the hyperbolic length when hyperbolic structures remain in a compact set of T g . On the other hand, Theorem 3.3 shows that l X (µ) and E gr µ (X) (µ) are in the same order when they are large. Here, gr µ (X) denotes the Riemann surface obtained by grafting µ to X (namely, the underlying structure of the CP 1 -structure given by Thurston's parameter (X, µ)), l X (µ) is the hyperbolic length of µ on X, and E gr µ (X) (µ) is the extremal length of µ on the grafted surface gr µ (X) . Furthermore, by the definition of bending, l X (µ) is the length of µ for the monodromy of the CP 1 -structure. Therefore, for a diverging sequence {q n = (X n , µ n )} such that {π(q n ) = gr µ n X n } is precompact in T g , l X n (µ n ) = l mon(q n ) (µ n ) has to grow "too fast," and we cannot maintain the monodromy in a bounded set of nonelementary PSL(2, C)-representations as n → ∞, considering Lemma 2.5.
Theorem 3.3 [Tg] . Let X be a hyperbolic surface and µ be a measured lamination. Then
The next fact follows easily from the above inequality [Tg] .
Corollary 3.4. For any X ∈ T g , the mapping gr · (X) : ᏹᏸ → T g is a proper map. For any µ ∈ ᏹᏸ, the mapping gr µ (·) : T g → T g is a proper map. In fact, if {X n } is precompact in Teichmüller space and {µ n } diverges, {gr µ n (X n )} also diverges.
Similarly, if the sequence {µ n } stays in a compact set of the space of measured laminations and {X n } diverges, the sequence {gr µ n (X n )} diverges.
Proof. Assume that {µ n } stays in a compact set of the space of the measured laminations and that {X n } diverges. Then an argument parallel to the proof of properness of grafting a fixed measured lamination (see [Tg] ) shows that {gr µ n (X n )} diverges. Now assume that {X n } stays in a compact set of Teichmüller space and that {µ n } diverges. Then E gr µn (X n ) (µ n )
by Theorem 3.3. When {X n } is precompact and {µ n } diverges, the right term tends to zero; therefore, so does the left term. It follows that the Riemann surface gr µ n (X n ) tends to the ideal boundary of Teichmüller space.
Now we can present a geometric proof of Theorem 3.2.
Proof of Theorem 3.2. Let (X n , µ n ) ∈ T g ×ᏹᏸ be the Thurston coordinate of the CP 1 -structure q n and denote the underlying complex structure by π(q n ) = gr µ n (X n ). Assume that π(q n ) stays in K, {q n } diverges and {mon(q n )} converges. Now we draw a contradiction. By Corollary 3.4, both {X n } and {µ n } diverge. Take a sequence n converging to zero such that n µ n converges to a nonzero measured lamination µ, taking a subsequence of {µ n } if necessary.
By Theorem 3.3, l X n (µ n ) 2 l X n (µ n ) + 8π(g − 1)
≤ E gr µn (X n ) (µ n ) ≤ l X n (µ n ).
Multiplying each term of the above inequality by 2 n , we have l X n ( n µ n ) 2 l X n (µ n ) + 8π(g − 1)
≤ E gr µn (X n ) ( n µ n ) ≤ n l X n ( n µ n ).
Note that l X n ( n µ n ) is the length of n µ n for the monodromy representation mon(q n ) because the pleated surface defining the Thurston coordinate for q n = (X n , µ n ) has pleating locus µ n . Therefore, if the representation mon(q n ) did not diverge, l X n ( n µ n ) would converge to a nonnegative number by Lemma 2.5, taking a subsequence if necessary. By the above inequality, lim n→∞ E gr µn (X n ) ( n µ n ) = 0. However, by the assumption that {π(q n ) = gr µ n (X n )} stays in the compact set K, by taking a subsequence if necessary, we may assume that π(q n ) converges to a point Y ∈ T g . Therefore E gr µn (X n ) ( n µ n ) converges to E Y (µ), which is a positive number. This is the desired contradiction.
